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I. INTRODUCTION 

The holographic correspondence implies that many features of a large class of strongly inter¬ 
acting many-body quantum systems can be understood via a dual classical gravity theory with 
appropriate asymptotic symmetries in one higher dimensional spacetime. Furthermore, the dual 
classical gravity theory typically should involve only a finite number of fields. 

Since the duality has been first conjectured for the J\f = 4 supersymmetric Yang-Mills (SYM) 
theory [1], a large body of supporting evidence has been gathered, albeit in a limited number 
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of examples, most of which can be embedded into string theory. It is a widespread belief among 
experts that the correspondence should be more general. This is supported by the expectation 
that the emergent extra radial dimension in the dual classical gravity theory encodes a special 
kind of renormalisation group (RG) flow in a large class of strongly interacting quantum rnany- 
body systems. Recently, the works [2-5] have stimulated great interest in understanding how the 
holographic correspondence can be reformulated as a RG flow. 

In this work, which we present in two parts, we show how an explicit constructive held theory 
approach at strong coupling and large N can reproduce the traditional holographic correspondence 
[6, 7] at least in the dynamical sector corresponding to pure gravity in one higher dimension as a 
precise kind of generalisation of Wilsonian RG flow. 

It turns out that in order to reformulate gravity as a RG how, it is useful to first rephrase the 
equations of gravity in a RG-how-like language, which involves first order scale-evolution of physical 
quantities in a fixed non-dynamical background metric. The non-trivial aspect of this rephrasing 
is that not only should the gravity equations be rewritten in hrst order form akin to RG how 
equations, but also the latter should encode complete information of the bulk metric, including the 
ultraviolet (UV) data that is necessary to produce geometries that have no naked singularities. In 
the hrst part of this work, which is the subject of the present paper, we show how the equations of 
(d+ 1)—gravity can be rewritten as such a hrst order RG how in a fixed non-dynamical background 
metric, and how the dual classical gravity equations can in turn be reproduced from this RG how 
equation. 

The basic goal of the present paper is to hnd which properties a RG how in a d— dimensional 
held theory (that defines effective operators at various scales) should have such that the hrst order 
scale-evolution equations for operators can be rewritten as equations of a (d+ 1)— classical theory 
of gravity with full diffeomorphism invariance. We will also determine how such properties of RG 
how lead to {d + 1)—dimensional dual classical geometries which have regular horizons and obey 
diffeomorphism invariant equations of motion. In the second part of this work [8], we will give an 
actual construction of such a RG how as a precise kind of coarse-graining of the UV dynamics. 
Thus based on the results of the present paper, we will be able to dehne constructive field theory 
in the large N and strong coupling limit. 

We hnd that the key property of the RG how which is necessary to obtain diffeomorphism 
invariance in {d + 1)—dimensions is that there should exist a metric g lw (A) [t/' u (A), O t (A), A] and 
background sources Jj(A)[t M I/ (A), Oj(A), A] which are functionals of the single-trace operators at 
each A such that the Ward identity for local conservation of energy and momentum can be written 
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in the form 

V( A)M t^(A) = ]T Oi( A)V (a) „ Ji(A), (1) 

i 

where V ( A ) is the covariant derivative constructed from the effective metric (A). Thus an effective 
dynamical metric and sources emerge out of our construction in order to preserve the form of the 
Ward identity for local energy-momentum conservation at each scale by absorbing the contributions 
coming from the multi-trace operators, although the scale evolution of the operators are first order 
and taking place in the fixed Minkowski space background. Our claim is that the effective metric 
and sources then leads to a bulk metric and other bulk fields which are solutions of a pure classical 
gravity theory with full diffeomorphism invariance with the identification r = A -1 between the 
scale A and the emergent radial coordinate r. This feature of preservation of the effective form 
of the Ward identity will be the key defining feature of what we call a highly efficient RG flow. 
Furthermore, we will see that the map between a highly efficient RG flow and its dual gravity 
theory is unique. 

Independently of reconstruction of holography, we can motivate highly efficient RG flow as an 
appropriate construction for understanding time-dependence of field-theoretic observables. In this 
case, the directly measurable quantities are collective variables (like hydrodynamic variables, con¬ 
densates, relaxation modes, etc.) and their statistical fluctuations and correlations. In a strongly 
coupled large N theory, as will be explicitly demonstrated in [8] , we can define quantum operators 
at any scale as a functionals of the collective variables which take the same form in each quan¬ 
tum state being measured. The equation of motion for the collective variables lead us to describe 
the time-dependence in expectation values of the quantum operators. Coarse-graining of collec¬ 
tive variables will lead us to construct coarse-grained quantum operators in a state-independent 
way. This can work only if we preserve the form of Ward identities like that of local energy and 
momentum conservation, which is violated by projecting out high energy modes that give rise to 
driving forces on the soft sector. To preserve the Ward identity for the energy-momentum tensor 
projected onto the soft sector, we need to redefine the effective background metric and sources - 
this should be done in such a manner that these are state-independent functionals of the coarse¬ 
grained operators (and hence also the collective variables) at each scale. As a result, the directly 
measurable collective variables will also preserve the form of their equation of motion, although 
the parameters (like transport coefficients in the hydrodynamic limit) will get renormalised with 
the scale. In the low energy limit, the dynamics will be captured by a finite number of parameters. 
It is remarkable that such a structure of the RG flow which follows from the key property (1) leads 
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to the emergence of a diffeomorphism-invariant classical gravity theory in one higher dimension, 
the complete construction of this RG flow will be the objective of the second part [8] of our work. 

To proceed further, it is useful to recapitulate some aspects of Wilsonian RG flow. The chief 
purpose of a RG flow construction is to define effective operators and observables at a given scale 
of observation. As long as the theory is weakly coupled, it is possible to define all (gauge-invariant) 
composite operators in terms of effective elementary fields and the effective couplings, like the 
effective Yang-Mills gauge fields A^(A) and the effective strong coupling a s (A) in pure Quantum 
Chromodynamics (QCD). For instance, from the Wilsonian effective action S^A^A), a s (A), A] of 
pure QCD at a scale A, we can readily obtain the composite operator t /i ;/ (A)[A /i (A),a s (A), A] 
corresponding to the conserved energy-momentum tensor. By knowing how the elementary fields 
A^{A) and the effective coupling(s) a s (A) run with the scale, we can obtain the scale-evolution 
equations of composite operators of the form: 

^Om(A) = ]T C mn (A)O n (A). (2) 

n 

If the theory is asymptotically free, we can relate operators at a given scale to those of the free 
theory in the UV, thus leading to a precise definition of the effective operator algebra at a given 
scale. 

In the case of a strongly interacting large N conformal field theory (CFT), we can expect that 
only a few single-trace operators will have small scaling dimensions, and the rest will decouple 
from the RG flow (2) since the coefficients will be suppressed by large powers of A -1 . Nevertheless, 
as has been emphasised in [2], the multi-trace operators built out of the surviving single-trace 
operators will also appear in (2). In the large N limit, the expectation values of the multi-trace 
operators will factorise in all states. Therefore, we can regard (2) as non-linear classical equations 
for the scale-evolution of the single-trace operators - the notion of classicality is applied here in the 
sense that we can replace the multi-trace operators as the product of the expectation values of the 
respective single-trace operators in (2). Thus, in this paper we will drop our caution in replacing 
operators by their expectation values, and not make any distinction between them, although we 
will almost always mean the latter. 

Furthermore, we will assume that there exists a subspace in the Hilbert space where the operator 
t^ u is the only single-trace operator that has a non-trivial expectation value, viz. the expectation 
value of other single-trace operators either vanish, or are the same for all states in this sector. If 
the holographic correspondence is indeed reproduced, this assumption is justified as we can almost 
always consistently truncate the dual classical gravity theory to pure gravity. In our approach, we 
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start with this assumption, however we should justify this assumption along with those assumptions 
mentioned in the previous paragraph a posteriori by establishing a consistent definition of an 
effective operator algebra at all scales. In this sector of states, (2) reduces to: 

A^(A) = ^K(A),A], (3) 

Since in a CFT, we have no other intrinsic scale, the above equation should have an expansion of 
the form: 

A("„(A) = a 3 (A (j) ) • V . □(*„(A) + 

+-^p ■ (A{,)) ■ *^ p (A)t^(A) + a 5 , (A(,j) • ■ t a 0 (A)t 0 a (\) + 

+°5e (A(j)) • □ 2 t M ;/ (A)^ + ■ ■ ■ , (4) 

where A(j) are the non-running coupling constants of the CFT. We have also assumed that only 
and multi-trace operators built out of it can appear in the above equation as mentioned before. The 
above expansion is valid for sufficiently large A satisfying A Air, where Air is a state-dependent 
scale related to the expectation value of t^ u °°, which is defined as the microscopic UV operator, i.e. 

i,(A = oo). Above we have used the CFT Ward identities 8^^°° = 0 and Tvt°° = 0 to constrain 
(4) up to redundancies. In the second part of our work [8], we will also extend our construction 
partly by including another scalar single-trace operator. 

We repeat once again that we will leave the actual field theory construction of (3) to the second 
part of this work. In the present paper, we will focus on how the equations of pure classical gravity 
can be rewritten into the form (3) and vice versa. Furthermore, we will see in the second part 
of this work that there is a unique RG flow equation (3) corresponding to a given dual theory 
of gravity such that it has an endpoint at a finite scale Air (where the effective metric g IJV (A) 
becomes non-invertible and various components of t fl u ( A) blow up) which can be transformed to a 
non-relativistic fixed point with a finite number of parameters under the universal rescaling: 

11 £ T 

— -- = —, t = —, and £ —> 0 with A, r held fixed. (5) 

Air A A £ 

Furthermore, the transformation of the endpoint to the non-relativistic fixed point will be possible 
only if the UV data is chosen uniquely - otherwise various components of i^„(A) will blow up at 
A = Air beyond prescribed bounds that should be satisfied in order to ensure the existence of 
the non-relativistic fixed point after the rescaling (5). Indeed the prescribed bounds determine the 
integration constants of the first order RG flow and thus also determine the UV data. Remarkably, 
these UV data are precisely those which are necessary for ensuring that the dual geometries on the 
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gravity side do not have naked singularities, matching those which are traditionally calculated by 
solving the classical gravity equations explicitly. Therefore, our RG flow construction of the form 
(3) will be able to also reproduce the UV data that corresponds to regular solutions of the dual 
gravity theory. 

In this paper, we will also discuss briefly how our construction of the RG flow in the form (4) 
will ensure the good infrared behaviour discussed above. Nevertheless, in order to see this explicitly, 
we will need to sum over all orders in A -1 , which will be explicitly possible only in some dynamical 
limits. We will return to this in the second part of our work. 

We will call our RG flows highly efficient RG flows because they are able to preserve the 
effective form of the Ward identity for local conservation of energy and momentum at each scale by 
redefining the background, and also because they are able to self determine the UV data. In this 
way, we will be able to somewhat mimic what Wilsonian RG flow achieves in an asymptotically free 
theory, namely defining the effective observables at a scale in terms of the ultraviolet free theory, 
although here we will achieve the same via the hidden infrared non-relativistic fixed point which 
has a finite number of parameters. For instance, in the hydrodynamic limit the latter will be the 
incompressible non-relativistic Navier-Stokes equations. 

In this paper, we will also see how generalisations of (3), where other auxiliary non-dynamical 
state-dependent variables can appear, will lead to classical gravity equations in arbitrary gauges, 
which need not be the Fefferman-Graham gauge. In all cases, the effective Ward identity (1) will 
be preserved at each scale. Furthermore, we will show that one can read off the choice of gauge 
fixing on the gravity side from the symmetries of the RG flow equations (3) when the latter 
are constructed on a conformally flat background metric. In particular, these symmetries of the 
RG flow will be automorphic to the residual gauge symmetries on the gravity side that map to 
conformal transformations on the boundary. We will call such symmetries of the RG flows which 
reveal the geometry of hypersurface foliations on the gravity side, in which effective observables 
are evaluated, the lifted Weyl symmetries. Via these results, we will be able to achieve complete 
translations between pure classical gravity equations and highly efficient RG flows for any arbitrary 
gauge-fixing of bulk diffeomorphisms. 

Although our work is inspired by [2, 3, 5], we differ in many key points. The major point of 
departure is that we consider a generalisation of Wilsonian RG flow in order to reproduce gravity. 
Also unlike [5], we do not project the Wilsonian RG flow to the space of single-trace operators. 
Rather, we generalise Wilsonian RG flow by making the cut-off a functional of the collective 
variables which parametrise the expectation values of single-trace operators, in a manner such that 
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the multi-trace contributions to the Ward identities for local conservation of charge, energy and 
momentum can be absorbed into new effective backgrounds, so that these retain the same form at 
each scale. The detailed field-theoretic aspects of our construction will appear in the second part 
of our work [8]. 

The organisation of this paper is as follows: In Section II, we will introduce key elements of 
the definition of highly efficient RG flow, and summarise various conceptual issues which we will 
be dealing with in this paper and also in the second part of this work. We will also argue why 
highly efficient RG flows will always lead to classical gravity equations with full diffeomorphism 
invariance. In Section III, we will show how gravity equations in Fefferman-Graham gauge can 
be translated to highly efficient RG flows and vice versa. In Section IV, we will show how bulk 
diffeomorphisms can be captured in highly efficient RG flows and how the lifted Weyl symmetry 
reveals the dual geometry of hypersurface foliations. Finally, in Section V, we will conclude with 
a discussion on how our approach can be extended beyond the pure gravity sector of holography. 
The appendices provide detailed derivation of many key results of Section IV. 

II. INTRODUCING THE CONCEPT OF THE HIGHLY EFFICIENT RG FLOW AND 
HOW IT LEADS TO EMERGENCE OF GRAVITY 

Our central proposition is as follows. Let us consider the d —dimensional scale evolution of A) 
of the following form: 

At'‘„(A) = F'‘„[t'‘„(A),A], (6) 

in the fixed background metric gjn ), such that there exists a background metric g fW (A) which is a 
functional of A) and A in the same fixed background metric gjw taking the form 


WA) = GV[C(A),A], (7) 

at each A, and in which ^(A) satisfies the local conservation equation 

V (A)m C(A) = 0 (8) 

with V(A) being the covariant derivative constructed from g flu (A). Note that g lxlJ ( A) has to coin¬ 
cide at A = oo with the fixed background metric gffl in which the functionals F iJ v and G^ u are 
constructed, because t^ u °° should satisfy = 0, with Vbeing the covariant deriva¬ 

tive constructed from gffl. We claim that it follows that g fiu ( A) then gives a bulk metric in the 
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Fefferman-Graham gauge: 


ds 2 = ~2 (dr 2 + 9nu{r, x)dx 2 ) , (9) 

which solves the equations of a pure (d+1)—classical gravity theory with full (d+1)—diffeomorphism 
invariance and a negative cosmological constant determined by the asymptotic curvature radius l, 
and with r identified with A^ 1 (i.e. r = A” 1 ). 

This will be the key to recasting a (d+ 1)—diffeomorphism invariant pure classical gravity with 
a negative cosmological constant into the form of a first order RG flow and vice versa. A RG flow 
of the form (6) with the above property will be referred to as a highly efficient RG flow for the 
rest of this paper. 

At this point, it may be useful to provide an example. Let us consider the following RG flow 
equation in 4 spacetime dimensions: 


dt tl u ( A) 

dA 


p' (P'V(A) - P ■ (i ^(A)A(A) - yL nV„(A)) - 

+p log A ' h' D W (A) + ° (p log A ) - 


( 10 ) 


in flat Minkowski space . For the above RG flow, we can indeed construct the following g /w (A): 

9yti/(A) = Vu" d~ ^4 ■ y{A) + ■ — rj^ a \I\t V {A) + 

■ (h W%( A )^( A ) “ 3§4 ^0( A )^a( A ) + ^« n2 C(A)) - 

i°g A . _1_ . r, m n 2 t a „(A) + 0^ log A) , (11) 

as a functional of t IJ ,fiA) and A in the flat Minkowski space background at each A such that, 
when it is considered as a effective background metric, the scale-dependent Ward identity (8) is 
satisfied (given that 8^^°° = 0). This g liV {A) is unique up to an overall normalisation of U (A) 
by a (A—indpendent) numerical constant. Furthermore, the 5—dimensional bulk metric (9) then 
satisfies Einstein’s equations with the cosmological constant set to —6 /l 2 , and with r = A -1 . The 
derivation of the above equations will be given in the next section. The log term in (10) will be 
shown to be related to the conformal anomaly. 

It is to be noted that the Ward identity (8) can be recast as an effective operator equation. For 
example, in the above case (8) reduces to: 

A) = T ■ (Lfl„ (i« A (A)t"„(A)) - lc„(A)9„Tt*(A)) + 

+ F' (¥ i “' s(A )®" Dt ' S «(A)-Lt<‘„(A)a^TVt(A)) +e(p) . (12) 
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We can now see that the usual Ward identity is broken at a finite scale by contributions due to 
multi-trace operators built from A). Therefore, the scale-dependent effective background g llu (A) 
as given by (11) serves to absorb these multi-trace contributions in a manner such that the effective 
Ward identity preserves its form (8) at each scale. 

At this point, it might seem that the highly efficient RG flow (6) with the property that it 
gives rise to an effective Ward identity of the form (8) at each scale is just a strange way to 
rephrase gravity. However, as we will show in the second part of our work, this is much deeper 
than just a mere rewriting of classical gravity equations. The other important feature of (6) can 
be seen as follows. We can ask if there exist different functionals F% in (6) and also different 
associated functionals in (7) such that the effective background metric g /w (A) remains the 
same, thus giving rise to the same bulk metric (9) that follows the same (d+ 1)—classical gravity 
equations. The answer is that it is indeed the case - the different choices of F'f and are 
related to (infinite) ambiguities in gravitational counterterms which define t^ u (A) on a hypersurface 
foliation of spacetime in the dual geometry, and a numerical constant that determines the overall 
normalisation of as will be shown in the next section. The overall normalisation of F V (A) 

can be readily fixed via the two-point correlation function, which can also be obtained from our 
approach. 

We will show in the second part of our work that it follows from the results in [9] that only for 
unique choices of functionals F and G^ (up to an overall normalisation of by a numerical 
constant), which correspond to unique gravitational counterterms on the gravity side, the RG flow 
has an endpoint at a finite scale Air (where the effective metric g^ v (A) becomes non-invertible and 
most effective observables blow up) which can be transformed to a non-relativistic fixed point with 
a finite number of parameters under the universal rescaling: 

1 1 £ T 

-- - = — , t = — , and £ —> 0 with A, r held fixed. (13) 

Air A A £ 

Furthermore, the transformation to the non-relativistic fixed point, which in the case of the hydro- 
dynamic limit is given by the non-relativistic incompressible Navier-Stokes equations, is possible 
only if the effective observables such as the transport coefficients satisfy appropriate bounds near 
A = Air [9]. These bounds give the required integration constants of the first order RG flow and 
thus enable us to determine all the UV data like transport coefficients. Remarkably, these are pre¬ 
cisely those values which are required to ensure that the corresponding (d + 1)—spacetime metric 
has no naked singularity at the late-time horizon - based on [9] we can verify this explicitly for the 
case of Einstein’s gravity. Thus the highly efficient RG flow equation (6) with a unique choice of 


11 


F^ u corresponding to a given dual pure gravity theory can also determine the UV data which lead 
to absence of naked singularities in the emergent spacetime, and which are traditionally obtained 
by solving the dual classical gravity equations explicitly. We will return to this aspect in detail in 
the second part of this work. 

Our proposition for rewriting classical gravity theory as a highly efficient RG flow works also 
when we include higher derivative corrections to Einstein’s gravity, provided these corrections are 
treated perturbatively. We will discuss this aspect in further detail in the next section. Nevertheless, 
it is not clear whether for arbitrary higher derivative corrections to Einstein’s gravity we can claim 
that the UV data that ensures regularity of the solutions of gravity also implies that the end point 
of a highly efficient RG flow can be transformed to a non-relativistic fixed point with finite number 
of parameters after the rescaling (34), as our calculations will be presented explicitly for the case of 
Einstein’s gravity. We conjecture that such a gravity theory, where the criterion of absence of naked 
singularity cannot be translated into good infrared behaviour of a RG flow, does not correspond 
to any consistent dual quantum field theory. We will return to this issue again in the second part 
of our work. 

Another immediate question that arises is that if there is anything special about the choice 
of the Fefferman-Graham gauge that may be necessary to recast the classical gravity equations 
as highly efficient RG flows. Indeed we will see in Section IV that it is also possible to write the 
gravity equations in any other gauge in the form of a highly efficient RG flow and vice versa, but 
the scale-evolution equation (6) then also contains auxiliary (non-dynamical) variables, which are 
related to the lapse function and shift vector in the bulk metric. Furthermore, the symmetries of 
the RG flow equations, which are related to residual gauge symmetries on the gravity side that 
map to conformal transformations in the UV, contain direct information about the corresponding 
gauge fixing of the (d + 1)—diffeomorphisms, and thus also about the foliation of hypersurfaces in 
the dual (d+ 1)—geometry where A) and the effective metric A) are evaluated. 

Why highly efficient RG flows should reproduce (d + 1)—diffeomorphism invariance: Before 
we go into the details of the construction of the highly efficient RG flow, let us consider why 
our definition of the highly efficient RG flow ensures that we reproduce a classical gravity theory 
with full diffeomorphism invariance. Firstly, it is clear that if a theory of gravity does not have 
full diffeomorphism invariance, it should have extra degrees of freedom particularly the lapse 
function and shift vectors will be dynamical as is the case in Horava-Lifshitz gravity. In presence 
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of such extra degrees of freedom, we expect to reproduce a Ward identity at best of the form: 

V fl t ,J ‘ u = terms involving Oi and J* (14) 

where the Oi are the single-trace operators dual to the extra propagating bulk fields, and where the 
Ji are the corresponding external sources. Therefore, it will be impossible to truncate the RG flow 
consistently such that the only single-trace operator that appears all through the scale evolution 
is the energy-momentum tensor. We also cannot satisfy the criterion of the highly efficient RG 
flow which demands that the effective Ward identity should always take the form of (8) at all 
scales. Indeed the Ward identities that follow from holographic analysis of Horava-Lifshitz gravity 
have been obtained explicitly in [10] (see also [11, 12]), and these do not take the form given by 
(8). This can be furthermore verified by the fact that in the hydrodynamic limit, the holographic 
analysis of Horava-Lifshitz gravity does not reproduce standard Navier-Stokes equations, but those 
in presence of additional sources (torsion and Newton potential) [13]. In any case, we should prove 
more rigorously in the future that it is possible to construct an effective Ward identity of the form 
(8) in a RG flow only if the dual gravity theory has full (d + 1)—diffeomorphism invariance. 

On the other hand, if we indeed have a classical gravity theory with full (d+1)—diffeomorphism 
invariance, it is always possible to construct a A) in the corresponding RG flow equations that 
satisfies the effective Ward identity (8) at all scales by virtue of the fact that the classical gravity 
equations satisfy (d + 1)—Bianchi identities. The explicit demonstration of this assertion will be 
given in the following section. 

III. GRAVITY EQUATIONS FROM A HIGHLY EFFICIENT RG FLOW IN AN 

ULTRAVIOLET EXPANSION 

In the previous section, we have argued that full diffeomorphism invariance of the dual classical 
gravity equations is a necessary condition for them be rewritten into a highly efficient RG flow. 
Particularly the effective metric g IJjU (A) in (7), which is a functional of the effective single trace 
operator A) in a fixed background, must lead to a bulk metric (9) that satisfies the equations of a 
full-diffeomorphism invariant pure gravity theory. In this section, we will show that diffeomorphism 
invariance of the classical gravity theory is also a sufficient condition for it to be mapped to a highly 
efficient RG flow. In subsection III A, we will show how one can map variables in gravity to those 
of a highly efficient RG flow. In subsection IIIB, we will show how we can construct the highly 
efficient RG flow equations explicitly and recover the dual gravity theory from them. 
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Although our results will be valid for any diffeomorphism invariant classical gravity theory, the 
explicit calculations presented here will be for the case of Einstein’s gravity. 

A. Geometric variables and the RG flow 

The RG flow in a field theory in d —dimensions can be geometrically represented very efficiently 
via a hypersurface foliation T, r and a congruence of curves C x in a (d + 1)—dimensional spacetime. 

The boundary of this higher dimensional spacetime represents the UV fixed point of the field 
theory. Let us foliate this spacetime by non-intersecting timelike hypersurfaces E r , which are labeled 
uniquely by the radial coordinate r (i.e. there exists a function r such that each hypersurface in 
the foliation is given by r = constant, and the normal to each hypersurface is spacelike). 

Let us also consider a congruence of curves C x , such that each curve in C x intersects each 
hypersurface in E r only once, and furthermore these curves do not intersect with each other. In 
such a case, we can label each curve in C x uniquely by a d-dimensional spacetime coordinate x 11 . 
In a QFT, the local operators are also labeled by the d —dimensional spacetime coordinates x^ - 
so we will call these the field-theory coordinates. 

The radial coordinate r can be related to the scale A by requiring that it is independent of 
(i) the field theory state, (ii) l, the asymptotic curvature radius of the spacetime, and (iii) the 
field-theory coordinates Then simple dimensional analysis implies that r = A -1 . The boundary 
of the spacetime then corresponds to r = 0, where the UV data should be specified. We will 
repeatedly use the feature of state-independence of the RG flow equation ( 6 ) while mapping the 
field-theoretic variables to quantities on the gravity side. We will also repeatedly use the fact that 
l, the asymptotic curvature radius, does not appear explicitly in the RG flow equation ( 6 ), as is 
evident when it is written in the form (4). 

The RG flow of the QFT local operators then occurs geometrically along C x , each point in the 
curve representing a specific scale A, corresponding to the hypersurface in the foliation that 
intersects at that point. 

a. ADM variables: If the RG flow maps to a classical theory of gravity, then the description 
of the RG flow via (T, r ,C x ) gains a real significance. As stated above, there exists a natural (d + 
1)—dimensional coordinate system associated with (T, r ,C x ) which is given by the radial coordinate 
r and the field-theory coordinates x^. In this coordinate system, the (d -f- 1)— dimensional metric 
assumes the general ADM form [14]: 


ds 2 = a 2 {r, x)dr 2 + 7 ^ u (r, x) (dx M + /3 M (x, r)dr) ( dx u + /3 u (r, x)dr). 


(15) 
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It can be shown that 7 /ti ,(r. x) is the induced metric on the hypersurface £ r and constitutes the 
dynamical variable in general relativity. The other variables a(r, x ) and /3 M (r, x) are non-dynamical, 
since their radial derivatives do not appear in the equations of gravity, and we call them the pseudo¬ 
lapse function and the pseudo-shift vector, respectively (the qualifier pseudo is used to distinguish 
them from the standard case when they are discussed in the context of time-evolution as opposed 
to radial evolution). They play a role similar to Lagrange multipliers in enforcing a vector-like 
momentum constraint and a scalar-like Hamiltonian constraint for the data on each hypersurface 
S r . Indeed, a choice of (d + 1)—dimensional coordinate system is related to a specific method of 
gauge fixing of the diffeomorphism symmetry, and hence specific conditions that determine a(r, x) 
and /3 M (r, x). 

Furthermore, as is well known, in order to describe the RG flow in a CFT, we need asympto¬ 
tically anti-de Sitter ( AdS ) spacetimes corresponding to the states in the CFT. The asymptotic 
isometries of the spacetime map to the conformal group SO(d, 2) of the d —dimensional CFT, 
which is necessary for reproducing the conformal Ward identities of the CFT via equations of 
gravity [15-17]. 

An example of the choice of gauge-fixing of bulk diffeomorphisms is the Fefferman-Graham 
gauge, in which any (d + 1 )—dimensional asymptotically AdS spacetime metric assumes the form 
(9), meaning that 


l l 2 

a = -, /3 M = 0 , and 7 ^ = — • g^. 

ty 1 t‘ — ' 


(16) 


The constant l is the radius of the asymptotic AdS region of the spacetime. The corresponding 
coordinates and (Ti r ,C x ) are well defined for sufficiently small r in any asymptotically AdS spaceti¬ 
me, meaning for sufficiently large A in the corresponding highly efficient RG flow. This is therefore 
very suitable for studying the ultraviolet expansion of the RG flow, as we will see soon. 

The momentum constraints in Einstein’s gravity associated with each hypersurface in T, r imply 
that there should be an appropriate quasi-local energy-momentum tensor T^ ql [18] which is a 
functional of a , /3 M , 7 ^ and d'y^/dr and is locally conserved, i.e. it satisfies, 


v (7)M n qi = 0. 


(17) 


In case of Einstein’s equations, this T^ ql is the well-known Brown-York tensor, as given by [18] 


j'U qi _ __ 


8itGn 


7 ^(K pv -K lpv ). 


(18) 


Here, Gn is the {d + 1)—dimensional Newton’s gravitational constant, while K^ u is the extrinsic 
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curvature of the hypersurface defined via 

- V( 7 ,„A - V^ft.) , (19) 

with f3p = 7 p/z/3^, and AT = As a and /3^ are non-dynamical, and since they are determined 

by the gauge-fixing conditions (associated with the coordinate system r, aA and corresponding 
(S r ,Ca;)), T M i, ql should be regarded as a functional of the induced metric r y tiu . 

The existence of a quasi-local stress tensor T M i , ql that satisfies (17) is not an exclusive property 
of Einstein’s gravity. Indeed, it can be shown that such a quasi-local stress tensor exists in any pure 
classical gravity theory that satisfies (d+1)—diffeomorphism invariance [19] (see also [20]) by virtue 
of the fact that the classical gravity equations satisfy (d + 1)—Bianchi identities. Furthermore, this 
quasi-local stress tensor should be unique on-shell up to terms which are conserved identically (for 
explicit constructions in some higher derivative gravity theories see [19, 20]). Indeed, if there is one 
more such non-trivial quasi-local stress tensor which is conserved in an arbitrary solution and does 
not differ from the standard one by terms which are trivially conserved by d— dimensional Bianchi 
identities, it will automatically imply the existence of more constraints which are compatible with 
the radial evolution in addition to those allowed by (d + 1)—diffeomorphism invariance. This will 
be inconsistent with the count of allowed propagating degrees of freedom in the generic case. 

It is intuitively obvious that in order to map classical gravity equations to a highly efficient RG 
flow, we need to identify y /ti , with g /iu and T M „ ql with t^ v at r = A -1 . This turns out to be a bit 
naive, because 7 /ti , and T^ ql both blow up in the UV, meaning at r = 0 . This blow up indeed has 
an immense physical significance, allowing us to map Weyl transformations of the field theory data 
to specific diffeomorphisms in the corresponding (d+ 1)—dimensional spacetime geometry. We will 
discuss this aspect in more detail in Section IV B and Section IV C. 

b. The (dis) appearance of the parameter l: The parameter l, which is the asymptotic cur¬ 
vature radius of the (d + 1)—dimensional spacetime, by itself has no meaning in the CFT. It is 
basically the unit of measurement for mass/length/time on the gravitational side - dimensionless 
quantities in these units correspond to parameters in the CFT. The asymptotic curvature radius l 
is determined by the (negative) cosmological constant in the (d + 1 )—dimensional gravity. 

The other parameters of the classical gravity theory are of two kinds: 

• the overall factor 1 / (IQitGn) which multiplies the (d + 1)—dimensional gravity action, and 

• the relative coefficients giving higher derivative corrections to Einstein’s gravity, involving the 
(d+l)— dimensional Riemann tensor and its covariant derivatives - without loss of generality 
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it can be assumed that these relative coefficients should take the form of numerical constant 
times a^ n , for a suitable n and with a'^ being a parameter with mass dimension —2 (if the 
theory of gravity is a low energy limit of a string theory, then there is only one a !, i.e. the 
inverse of the string tension). 

In the large N limit, where the factorisation of expectation values of multi-trace operator applies, 
the highly efficient RG flow equation, like (10) can be thought of as a classical equation that can be 
mapped to classical gravity as discussed in the Introduction. Thus the factor N 2 should be related 
to a parameter that controls quantum corrections on the gravity side, which is 1/(16ttGn) - the 
corresponding dimensionless parameter is l^ 1 /(16 ttGn). Therefore, we expect that 

id— 1 
167rG/v 

In the case of AT = 4 SYM holography, N is the rank of the gauge group and l 3 / ( 1677 (^ 5 ) = N 2 / (87t 2 ) 
[!]■ 

Furthermore, we expect that only in the strongly interacting limit, where the algebra of operators 
is possibly generated by a finite number of single-trace operators, we can construct effective physics 
via a first order RG flow involving a finite number of single-trace operators. Going away from 
the strongly interacting limit implies that we need to either include infinitely many single-trace 
operators, or include higher derivative effects in the RG flow when we integrate out single-trace 
operators, whose anomalous dimensions are parametrically large as functions of the couplings, and 
study the scale-evolution of the surviving single trace operators. Nevertheless, if we do systematic 
perturbation theory (in inverse powers of the couplings) about the infinite strong coupling limit, 
we can retain the feature that the RG flow of the finite number of single-trace operators with 
small anomalous dimensions is still first order - the higher derivative effects can be removed by 
substituting leading or subleading order solutions as is often done in perturbative analysis. We can 
expect that this feature should be replicated when we map a highly efficient RG flow to a classical 
gravity theory. 

In the sector of states where we consistently have only fi l u as the evolving single-trace opera¬ 
tor, the dual description is given by pure gravity. The dual theory of gravity however describes 
the evolution of the effective metric g tiv { A), which in addition to A) requires another piece of 
information (or rather integration constant) to be specified uniquely, namely the fixed background 
metric on which the field theory lives. Therefore its evolution should be given by a two-derivative 
equation. Indeed the unique diffeomorphism invariant two-derivative pure gravity theory is Ein¬ 
stein’s gravity with a cosmological constant. Departure from the infinite strong coupling limit, 
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should induce higher derivative corrections both in the RG flow and the dual gravity theory. Ne¬ 
vertheless, if we want to preserve the scale-evolution of the RG flow as first order, we need to also 
treat the higher derivative corrections on the gravity side perturbatively too when we map the RG 
flow to a dual gravity theory. 

We thus expect that the dimensionless parameters ot'^/l 2 giving corrections to Einstein’s gravity 
are related to functions of the (dimensionless) coupling constants \u\ in the CFT, whose values 
are small in the strongly interacting limit. In other words, we expect that 



/ , such that / —> 0 as —> oo. 


( 21 ) 


We have assumed here that the CFT has a weakly coupled quasi-particle like description when all 
A(j) are small. In M = 4 SYM, there is only one coupling constant, which is the’t Hooft coupling 
A. This is related holographically to the string tension a! that gives higher derivative corrections 
to Einstein’s gravity via [1] 


l 2 



( 22 ) 


We want to establish a relation between 7 ^ and g^ u , and between T M „ ql and t^ u , such that l 
does not appear explicitly in the RG flow equation, but only in the dimensionless combinations 
/ rf ~ 1 /(16'7rG/v) and which as discussed above are related directly to parameters in the CFT. 

c. Relationship between 7^ and g^ v : Let us begin with establishing the relation between 7^ 
and g /w . In order to preserve the effective form of the Ward identity ( 8 ), it is natural to impose 


^( 7 ) ^(s)> (23) 

which then implies 

= f (y) ‘ 7 (24) 

at r = A -1 , if the relationship between 7 ^ and g lw is to be state-independent , which also demands 
that (23) should be valid in an arbitrary gravity solution as well. The latter also follows from (24). 

The factor f{r/l ) can in principle depend on the auxiliary a and (5^, but not on the state- 
dependent variables which appear in the dual gravity solutions. However, depending on the choice 
of gauge fixing, a and /3 M , may be functions of both r and Therefore, such a dependence should 
not exist. 

Furthermore, requiring that the asymptotic curvature radius l does not appear explicitly in the 
scale evolution of g and that at A = 00 , i.e. r = 0 , g^ coincides with the background metric on 
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which the field theory lives, we readily obtain that 

r 2 

9/J.v = ~J 2 ' 1n v 


(25) 


at r = A 1 . To see that the scale evolution of g^ as obtained via the above relation does not 
depend on l explicitly, we need to study the dynamics, which will be done in the next subsection. 
The relation (25) also implies the traditional rule of holographic correspondence, namely that 

„2 


# = JTo p ' 


(26) 


coincides with the background metric on which the CFT lives. In the literature, is often called 
the boundary metric of the (d + 1 )—dimensional spacetime. 

In the Fefferman-Graham gauge, the relation (25) reduces to the identification of g^ u { A) with 
that which appears in the bulk metric (9). 

Notably, the [d + 1)—dimensional spacetime corresponding to the vacuum of the CFT in flat 
Minkowski space is pure AdSd+i- In the Fefferman-Graham gauge, g^ = for all values of r in 
pure AdSd+i- This implies that g^ v remains g^ v at all scales in the RG flow. This is expected 
since {G v °°) vanishes in the vacuum, so should (t fl v ( A)) and g flu (A). 

d. Relationship between T ^ 1 and G u : The next step is to establish the relation between T^ ql 
on the gravity side with G v of the highly efficient RG flow at r = A^ 1 . Once again, in order to 
preserve the effective Ward identity ( 8 ) at all scales, it is natural to postulate that the relationship 
between T^ ql and should be of the form 




V 




(27) 


where T^ u ct denotes general counterterms which are conserved identically, meaning that they satisfy 
= 0 when considered individually, via d —dimensional Bianchi identities. The latter thus 
assumes the general form: 


rpfl Ct _ 

^ “ ~8nG N 


C t 


a 


( 0 ) 


(0 


V l 2 


r n + c (2) 


a 


(0 
V l 2 


■l- 


RM 7 ] - 


(28) 


We note that each term in J^, ct above, namely the one proportional to 5 ,l v and the one proportional 
to the Einstein tensor constructed out of 7 ^, are the unique terms up to two derivatives, which 
are conserved identically. In order to be conserved identically (in other words to be conserved even 
off-shell), we require the terms in T^ ct to be functionals of 7 ^ only, up to proportionality factors 
that are functions of r only (i.e. independent of x M ). Therefore, these terms cannot depend on the 
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auxiliary ADM variables, namely a and f3 U Up to any given order in derivatives, there are only a 
finite number of such terms, and there is a well-known procedure to construct them [21]. 

This argument for construction of counterterms does not rely on any choice of boundary con¬ 
dition in gravity at the cut-off scale (hypersurface) as in the case of traditional holographic renor¬ 
malisation [15-17, 22-24] (which assumes the Dirichlet boundary condition at any cut-off scale). 
The basic feature that only terms which are conserved identically can appear in the counterterms 
is simply a consequence of the fact that T^ ql is the only non-trivial tensor which is conserved via 
classical gravity equations of motion in all solutions of gravity. However, is not conserved 

identically, implying that it is the only non-trivial tensor that is conserved only on-shell in an 
arbitrary solution. Thus assuming that the relationship between T^ ql and t^v is independent of 
the state in the CFT, no tensor other than T^ ql which is not conserved identically can appear in 
(27). Therefore, the countertems in T^ ct have to be conserved identically. 

We can determine the r/l dependence in the various coefficient functions h(r/l ) or C^(r/l, aG/7 2 ) 
in (27) and (28) by requiring that v does not depend on l explicitly. This implies that 



(29) 


A finite number of these constants C^(a'^/l 2 ) can be determined by requiring that t ll v (A = oo) = 


(t^u 00 ) is finite [15-17, 23, 24]. As discussed before and as will be shown explicitly in the second 
part of our work [ 8 ] based on the results of [9] , these counterterms can also be fixed by the infrared 
criterion that the endpoint of the RG flow should be transformed to a non-relativistic fixed point 
with a finite number of parameters under the rescaling (34). 


Since the form of t^ v as given by (27) and (28) is gauge-independent, we can check whether 
the explicit form satisfies all the criteria discussed above in Fefferman-Graham gauge for the sake 


of convenience. In the Section IV A, we will then see explicitly that the above features are also 
preserved under infinitesimal gauge transformations. Let us examine the case of Einstein’s equations 
first. Here, the counterterm coefficients should be just pure universal numbers (independent 
of the underlying CFT, which is infinitely strongly interacting). 

In the Fefferman-Graham gauge (16), we obtain 



(30) 


Let us also define zJ J ‘ u as 



( 31 ) 




20 


We observe that (25) implies 


R^pah] = 


Using the above observation, we can show that (18), (27), (28), (29) and (30) imply that in the 
case of Einstein’s gravity 


id— 1 

_ __ 

v 167TGJV 


3 L-K-CIVz)^)+2.i.(d-l-C (0 )).^- 




(32) 


at r = A -1 . As mentioned earlier (and as we will also prove in the next subsection), g^ does not 
depend on l explicitly (or even implicitly in the case of Einstein’s gravity). Then it follows from the 
above that t^ v indeed depends on l only through the dimensionless combination l^ 1 /(IQttGn) in 
Einstein’s gravity, as claimed. Furthermore, the terms not shown, are subleading in the ultraviolet 
expansion in A -1 , in which it can be systematically expanded, as we will see in the next subsection. 
We will demonstrate additionally that (29) remains applicable for higher derivative gravity also, 
but in this case, will also depend on the parameters aG/l 2 . 

In order for t^ u to be finite at A = oo, we need [15-17] 


C( o) =d - 1 , ( 7 ( 2 ) = -^ 772 ’ etc ' 


(33) 


for d > 2 in Einstein’s gravity. These coefficients can be readily determined by substituting the 
on-shell ultraviolet expansion of g /i!y (which is also known as the Fefferman-Graham expansion [25] 
in gravity) into (32), as will be presented in the next subsection. Since has only a finite number 
of A n (or equivalently r~ n ) UV divergences, only a finite number of counterterm coefficients 
can be determined from ultraviolet finiteness. 

There is however one ambiguity still remaining - namely that of the choice of overall normali¬ 
sation by a numerical constant in (27) which maps the gravity variables to the t^u of the RG flow. 
This can be readily fixed by studying the two-point correlation function for instance, which can be 
reproduced by our constructive field theory approach as will be discussed in [8]. We will make a 
simple convenient choice of the normalisation soon. 

Once this normalisation is fixed, the crucial result is that our infrared criterion for the end point 
of the RG flow establishes a unique map between variables of a (d + 1 )—diffeomorphism invariant 
pure gravity theory and the t^(A) in a d— dimensional highly efficient RG flow. This assertion 
will be fully established with explicit examples in [ 8 ]. Furthermore, we will also establish that the 
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infrared criterion also determines the UV data, which is otherwise obtained via absence of naked 
singularities in the solutions of gravity in the traditional holographic correspondence. 

It is indeed gratifying that we need not study the UV behaviour in order to establish this map 
between gravity and the RG flow, or to determine the UV data. Since the RG flow is first order, the 
infrared criterion should suffice to see how the theory of gravity can be mapped to the effective dual 
field theory observables. In particular, this implies that our procedure can be implemented even 
when the theory of gravity does not lead to well defined asymptotic behaviour as in asymptotically 
AdS spacetimes. In this case, we need to implement a UV cut-off and still the map between gravity 
and the RG flow, and the UV data at the cut-off can be fully determined in a unique way by 
the infrared criterion. This observation will be utilised in [8] to propose new non-perturbative 
frameworks for theories like QCD, via a proposal for matching perturbative Wilsonian RG flow in 
the UV with our highly efficient RG flow reconstruction of IR physics, as concrete applications of 
our approach for reformulation of holography. 

e. Effect of the conformal anomaly: It is convenient to rescale t^v by the factor (WttGn)/^ 1 , 
i.e. to perform the replacement 


t** 


V 


16vr G NjJ1 

id-i *■ 


(34) 


This amounts to rescaling by a factor of oc 1 /N 2 , and this rescaled t^v is finite in the large N limit. 
In J\f = 4 SYM holography, this rescaling factor is precisely 8n 2 /N 2 . 

The conformal anomaly does not contribute to Tr t°° in flat Minkowski space background, but 
not surprisingly it has an effect on the RG flow. In order to see this, let us assume minimali- 
stic counter-terms required to cancel UV divergences only. Of course, this may not necessarily be 
justified, since other non-minimalistic marginal counter-terms (proportional to R 2 in d = 4 and 
multiplied by a constant instead of logr) may be required to satisfy our infrared criterion. Howe¬ 
ver, one way to see whether our assumption is indeed valid will be to go to fourth order in the 
hydrodynamic derivative expansion and repeat the calculations in [9] to see for which values of 
the non-minimalistic marginal counterterm coefficients the end point of the RG flow can be trans¬ 
formed to the incompressible non-relativistic Navier-Stokes fixed point under the rescaling (34). 
This is beyond the scope of this paper. Therefore we will simply proceed with the assumption that 
the non-minimalist marginal counterterms vanish - of course explicit calculations in the future can 
easily correct the resulting equations (this ambiguity will not affect the results in [ 8 ], the second 
part of our work because we will restrict ourselves to second order in the hydrodynamic derivative 
expansion). 
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In this case, in d = 4 and when the RG flow maps to Einstein’s gravity, we can write [24] [26] 


j .fi _ y .fi bare . y./x ct(l) . ct(2) , ct(a) 

L v 1 v ' L v ' L v ' 1 v 

+terms that will contribute to RG flow eq. at 0(A~ 7 logA), (35) 

where 

fV m = -2^-r(K pu -K- /pu ), (36) 

tV' (1) = -sjiK, (37) 

iV‘ <2) = £ (i7M7] - , (38) 

= _il log + 

+ (Ttfft] - - ^ v2 - r m) ■ ( 39 ) 

In Fefferman-Graham gauge the above reads 

C = ^ • « - (TVz) S>\) + 1 (Vj<?] - ^R[#0 + 

-logr^R^b]^b] - ^V^V,R[ ff ] + ^V 2 R^[ 5 ] - + 

+ (^ 2 [<?] - ^R*f>\g]X#\g] - ^V 2 R[ 5 ]) + ■ ■ ■ • (40) 


The log counterterm j s completely fixed by the conformal anomaly, in particular the central 

charges. 

As we will see soon, only one possible non-minimalist counter-term, namely V 2 !?^ without the 
logr pre-factor, can affect the highly efficient RG flow equation (10) up to 0(1/A' log A). 

B. The highly efficient RG flow from gravity equations and vice versa 

/. Mapping in the UV expansion: Assuming that g lw {A) depends only on t M ;,(A) and A expli¬ 
citly one can do an UV expansion, which is valid when (t ,J u (A))/A d <C 1. These conditions should 
be valid for any state in the CFT for sufficiently large A, meaning for A Am, with Am being a 
suitable (state-dependent) infrared scale. 

It is actually convenient to first write this expansion in terms of t^v °°, because then it matches 
with the well-known asymptotic Fefferman-Graham expansion [25] of g^ u in the (d+1)— dimensional 
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metric (9). Since in the case of a flat Minkowksi background metric t^ v °° satisfies = 0, and 

since moreover Trt°° = 0 in a CFT, the most general expansion takes the form: 


9fiV 
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(41) 


in d = 4. We have assumed that the conformal anomaly does not introduce any log term, which 
will be vindicated by mapping the RG flow to the classical gravity equation. A similar expansion 
in d = 4 for t^ v (A) reads 
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(42) 


Above we have assumed that the conformal anomaly restricts the coefficient of (1/A 4 ) log A term 
to be proportional to D 2 ^ 00 only, disregarding other possible contributions which have the same 
dimensions. This assumption will be vindicated once again by mapping to classical gravity. 

The coefficients of these expansions are functions of a'^/l 2 , which as noted in the previous 
subsection are in turn functions of the coupling constants A ^ of the CFT. In the infinitely strongly 
interacting limit, when the gravitational dynamics is given by Einstein’s equation with a negative 
cosmological constant, these coefficients are pure universal numbers. 

Let us first study the case when the highly efficient RG flow maps to Einstein’s equation with 
a negative cosmological constant. It is convenient to start from gravity equations first and then 
derive the corresponding highly efficient RG flow, and then perform the inverse mapping. 

As mentioned before, the asymptotic radius l is related to the (d+ 1 )—dimensional cosmological 
constant A cc , and in Einstein’s gravity 


-A-cc — 


d[d- 1 ) 
2/2 


(43) 


With this convention (d + 1)—dimensional Einstein’s equation for g^, u in the Fefferman-Graham 
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metric (9) reduces to (see [24] for example): 

+ Tr * (i A - V„) = 2 R\, (44) 

Vn(z» v -(Trz)5i* v )=0, (45) 

3 11 

— Tr z -Tr^H—Tr^ 2 = 0, (46) 

or r 2 


where z^ u is as defined in (31). Crucially as claimed before, the asymptotic curvature radius l 
does not appear in these equations which determine the radial evolution of g fiu . Thus g^ does not 
depend on l as claimed in the previous subsection. 

The vector equation (45) is the momentum constraint, and it is easy to see from (32) that it 
implies the conservation of t^v. The scalar equation (46) asymptotically implies Trt°° = 0 when 
the boundary metric is flat Minkowski space. Of course, both these equations are constraints - 
once they are satisfied at any hypersurface r = constant, the dynamical radial evolution given by 
(44) preserves them for all values of r. 

Substituting the Anstaz (41) in (44), and replacing A by r~ 1 , we can determine all the coefficients 
in the UV expansion. We obtain [27] 



C6_ 48’ 


1 _ 1 

C8a - gj, C Sb - - — 


1 

C8c “ 1536’ 


etc. 


(47) 


in d = 4. Conveniently all coefficients except cg b can be determined in d = 4 from the tensor 
equation (44) alone. To determine cg b , we need to use the scalar constraint (46) too. Indeed, from 
this point of view an appropriate linear combination of the tensor equation and the scalar equation 
times S^u can be regarded as the radial dynamical equation [27], which can determine all the 
coefficients in the UV expansion (41), including cg b . 

It is clear from (41) that schematically 


R 
R 2 


p ' (“) 2 + ° (;pj) etc - 


(48) 


when the boundary metric is flat Minkowski space. Therefore it is clear that only a finite number 
of geometric counter-terms in t^u, as defined by (32), can contribute up to a fixed order in A~ n 
in the UV expansion. In order to determine all terms in (42) up to order A~ 6 log A, the three 
counterterms (namely the one proportional to 5 >l v , the one proportional to the Einstein tensor 
and the log counterterm) are sufficient, except only for the coefficient b^ c , which can be affected 
by a non-minimalist V 2 i? type of counterterm that may appear without the logr pre-factor. For 
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the purposes of illustration of the mapping between highly efficient RG flow and classical gravity 
equations, we will not consider such a possible counterterm here, although our infrared criterion 
may demand such a counterterm to exist with a precise coefficient, as discussed in the previous 
subsection. The log counterterm determines the coefficient b^ c . 

Substituting the Anstaz for the UV expansions (41) and (42) in the defining relation for t^ v 
given by (40), replacing A by 1/r and the coefficients of the UV expansion of g lw in (41) with 
already determined values as in (47), we can determine the coefficients of the UV expansion of t^ v 
in (42). We obtain 

bo = —, bA a = 0, b 4 h = —, & 4 C = —, bA C =-, etc. (49) 

in d = 4. The relation between T*,, and t^ v °° can be inverted with the coefficients as above. This 
inverted relation heads: 

+p ■ cn+p • (-^ • n + |i • □ 2 <"„) 

+p log A (^gD 2 *^) + o ( 4 , log a) . (50) 

Finally using the above and the original UV expansion (42) with the known values of coefficients 
as in (49) again, we obtain the highly efficient RG flow equation (10). 

When the inverted UV expansion (50) is substituted in (41) with the known values of coefficients 
as in (47), the UV expansion of g liv given by (11) as a functional of instead of t^°° is obtained. 
We thus derive the highly efficient RG flow equation (10) and the associated g^ v as in (11) from 
the classical gravity equations. This completes the task of deriving the highly efficient RG flow 
equations (10) and the associated effective metric (11) from Einstein’s gravity. 

The obvious question is whether we can do the reverse, meaning starting from the highly efficient 
RG flow (10), can we go back to the classical gravity equations? 

Firstly the highly efficient RG flow equation (10) can be readily solved in the UV expansion 
and the result is (42) with coefficients as in (49). Of course, (10) is a first order equation, so the 
only integration constant needed is t}‘' v at A = oo, which is t^^ 00 . 

The RG flow equation (10) is constructed in flat Minkowski space, its solution in the UV 
expansion is given by (42) with coefficients as in (49). The question is whether there is a unique 
g^ u at each A so that V(a)/A M 5 / = 0 is satisfied for all A, and also such that g^ u takes a state- 
independent form (meaning that it is a functional of t^ u and A only in flat Minkowski space 
background). 
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We have already shown that if a RG flow is indeed highly efficient, the associated g^ u must 
lead to a bulk metric that satisfies classical gravity equations in one higher dimension with full 
diffeomorphism invariance. Furthermore, the infrared criterion ensures that the map between a 
highly efficient RG flow and the dual classical gravity theory is unique. Therefore, it is guaranteed 
that there is a unique g^ - when the highly efficient RG flow is given by (10), and it is given by 
(11) as it the RG flow maps to Einstein’s gravity. 

Practically, one can obtain g fXll (A) from the highly efficient RG flow (10) as follows. We simply 
exploit the known unique map between highly efficient RG flow and Einstein’s gravity. Substituting 
the Ansatz for the UV expansion of g^ u as given by (41) into the defining relation for t^ v given 
by (32), and using the known coefficients (49) in the UV expansion (42) of the t^y which solves 
the RG flow equation (10), we can solve the unknown coefficients in the UV expansion for g^ v . 
We thus obtain (47). It is the same solution for g^ v that can be directly obtained from Einstein’s 
equations. However, here instead of using Einstein’s equations we have used the defining relation 
of t^ u given by (32) to construct g^y out of t^ v . Once again, this is a first order equation and the 
integration constant is given by the requirement that at A = oo, g^ u should correspond to the 
actual background metric of the field theory, namely r/^y . 

g. Higher derivative gravity: The entire discussion can also be repeated for higher derivative 
corrections to Einstein’s equations, provided these can be treated perturbatively in powers of 
the inverse CFT coupling constants as in A7”, with n > 0, signalling systematic departure from 
infinitely strongly interacting limit. We recall these coupling constants A^ map to the relative 
coefficients of the higher derivative corrections (to Einstein’s equations) multiplied by appropriate 
powers of l, which are specified by the dimensionless parameters a'^/l 2 . Thus at a fixed order in 
A))™, we need to take into account only a finite number of higher derivative corrections in gravity. 
These higher derivative corrections should be such that the UV expansions (41) and (42) of g^ v 
and t^y respectively are not modified, although their coefficients are. These corrections can then 
be expanded systematically in powers of the inverse CFT coupling constants. 

h. Alternative formulation: An alternative approach to construction of the invertible map 
between the highly efficient RG flow and the dual classical gravity equations is to use the formu¬ 
lation of the classical gravity equations (in the Fefferman-Graham gauge) as done in [9]. 

We first need to invert the relation between z^y and tJ'y as given by (32). After some simple 
linear algebra, we get 


= r 


d -1 



Tr t 
d- 1 



2r 

d -2 



R 

2 (d- 1) 



+ .... 


(51) 
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The inverted relation above can be readily substituted in the tensor equation (44) to obtain an 
equation for the radial evolution of At first substituting (51) in (44) (for d > 2), we obtain 
dP u 2 r 2 ~ d dR IJ u r d_1 


dr d — 2 dr 

1 / 


+ 


d — 1 


<9Tr t r 

+ 


2(d — 1) 
2 ~ d dR 


Tr t + r 2 ~ d R 


Oir>2 d 

+» - — _ 

tv d-2 Kl 


+ 


dr 

„d—l 


Tr t 

d — 2 dr r 


+ 


2 (d- 1) 


Tr t + r 2 ~ d R 


Tr t — 


„2 -d 


d-2 


\ 6 »+... = 0 . 


(52) 


Above we have included all terms which are relevant up to third order in derivatives. Furthermore 
using the identities, 


1 

-£r = j + V. - , 

1 

vpa = ~ (VpV,^ - v ff v^ p - v p v^ + v.v^) 


9r 


' 2 Kpcr' 0 v 


-K 


7‘ 

vpcr A ' hi 


) , etc., 


(53) 


(54) 


and iteratively substituting v in terms of Py using (51), we obtain the second equation of the 
Hamilton-Jacobi like form as schematically given by: 

dt>\ 


= K^y,Vt»y,R»VRV}. 


(55) 


V L" V") vv/ V'>^ XJ VpC r? v Vp(J\ 

Crucially terms on the right hand side above has no radial derivative, and thus the above equation 
is a first order equation. 

Obviously, this equation for the radial evolution of is not a highly efficient RG flow unless 
we can eliminate g^ v . Indeed one can substitute the Anstaz for the UV expansions of g^ u and 
given by (41) and (42) respectively in (51) and (52), to solve for all the unknown coefficients as 
well. The equation (52) then reduces to the flat space highly efficient RG flow (10) in the UV 
expansion, where g^y has disappeared. 

The above formulation is not only useful to understand how the highly efficient RG flow looks 
like when it maps to classical gravity equations in other gauges and to see its symmetries (we will 
need to use it in Appendices A and D to derive the action of (d + 1)—diffeomorphisms on the 
Fefferman-Graham RG flow), but it is also useful if we want to find the highly efficient RG flow 
summed over all orders in A” 1 , but up to fixed order in derivatives. The procedure for doing this 
in the hydrodynamic limit has been found in [9], where g^ v was eliminated to find the RG flow 
equation to all orders in A -1 , up to fixed order in derivatives. This is crucial for fixing the right 
infrared end point order by order in derivatives in the hydrodynamic derivative expansion. We will 
complete this task in our forthcoming publication [8]. 
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IV. BULK DIFFEOMORPHISMS AND THE LIFTED WEYL SYMMETRY OF THE 

RG FLOW 


A. The action of bulk diffeomorphisms on the FefFerman-Graham RG flow 


When the highly efficient RG flow maps to classical gravity equations, bulk diffeomorphisms are 
the most general transformations which preserve the form of the Ward identity for local conservation 
of energy and momentum (8) in an appropriately redefined background. Here we study the action 
of general infinitesimal bulk diffeomorphisms which take the RG flow away from the Fefferman- 
Graharn gauge in the corresponding gravity equations. 

The (d + 1)—dimensional metric itself does not appear in the RG flow equation as in (10). 
Nevertheless, when the highly efficient RG flow maps to classical gravity equations, there is a 
unique relation between ADM variables parametrising the {d + 1)—dimensional metric and t^u, 
at any arbitrary scale (identified with the inverse radial coordinate), and for any arbitrary gauge 
choice on the gravity side. In case of Einstein’s gravity, this relation is given via (18), (19), (27), 
(28) and (29), along with the infrared criterion which determines all gravitational counterterm 
coefficients. Thus the change of ADM variables under {d + 1)—diffeomorphisms induce a unique 
transformation for v at any arbitrary scale. 

As mentioned before, at least in the Fefferman-Graham gauge one can invert the map and obtain 
the ADM variables of the (d + 1)—dimensional bulk metric from v . The inversion is possible in 
any other gauge also if we can decode the gauge fixing of diffeomorphisms in the corresponding 
gravity equations from the structural property of the RG flow - we will return to this issue in the 
next subsection. 

Under an arbitrary infinitesimal bulk diffeomorphism transformation: 

r = r + p(r,x), + y^r, x) (56) 


about the Fefferman-Graham gauge, the transformed ADM variables take the form: 


~ _ W, P dp 

a — - ( 1 — - + wv 
r \ r or 


fr = ^+sr 

or 

l 2 


dp 
dx u ’ 

dg. 


+ P 2 f 9/j.ty + •Cxfiv) • 


(57) 


Note, for the sake for brevity from now on, we will avoid explicitly writing that the variables on 
both sides of the equations relating old and new variables after diffeomorphisms are functions of 
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the new coordinates r and x as above. In fact, transforming to new variables while comparing 
both the new and old variables at the new coordinate point, forms the core of the definition of the 
diffeomorphism transformation. 

Note the equivalent form of (56) is: 


A = A + pa (A, x), (r = A 1 ,x) 


(58) 


with p\ = — A 2 p. 

The relation between 7 ^ and the effective metric g^ u of the highly efficient RG flow is unique 
as discussed before and is given by (25). This relation along with (57) readily implies that 


9fiv 


9/j.is 


P A 2 


dg^u 

dA 


2 p A g^ u + C- X g^ v 


(59) 


after f is identified with A -1 . The above form is remarkably simple. - the transformation of the 
effective metric is just a combination of (i) a translation in scale by — p A 2 , (ii) a Weyl transformation 
by p A, and (iii) a d —dimensional diffeomorphism by at any arbitrary scale. Note that this 
simple form arises if we perform an infinitesimal bulk diffeomorphism transformation only about 
the Fefferman-Graham gauge and not about any arbitrary gauge. 

A crucial remark is that the transformation (59) of the effective metric g /JU under bulk diffeo- 
morphisms is true for any arbitrary classical theory of gravity corresponding to the highly efficient 
RG flow as this arises purely from the kinematics of the transformation (57) of the ADM va¬ 
riables. Furthermore, as the transformation (57) of ADM variables also uniquely determines the 
transformation oft^ v , the latter has a hidden universal structure as well, although it depends on 
the relation offfy to the ADM variables in the specific classical gravity theory corresponding to the 
RG flow also. 

We do not want the diffeomorphism to change boundary data. In particular, it should leave the 
boundary metric invariant. Therefore, p should have an asymptotic expansion of the form 


P = r2 P( 2 ) + r3 P( 3 ) + ■ ■ ■ ■ 


(60) 


Similarly, requiring that fl vanishes asymptotically implies the following asymptotic expansion of 


= r 2 xf 2) 


+ 


(61) 


Let us now obtain the transformation of t/fl when the RG flow maps to Einstein’s gravity. 
Firstly, using the defining relation (19) for the extrinsic curvature and (57), we can obtain its 
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transformation which takes the form 

Kfw = + p —-^zr —b C X K I1V + (62) 

where is the covariant derivative constructed from the effective scale-dependent metric g^. For 
intermediate steps in the derivation of the above, please see Appendix A. 

The transformation of t^u has to be found in an expansion, either in the UV expansion in A -1 
or in the derivative expansion (the latter is an expansion in derivatives of field-theory coordinates 
only of course). Let us use the derivative expansion for the purpose of illustration. Assuming that p 
and x 11 start at zeroth order in derivatives, the Einstein tensor counter-term in t^ u does contribute 
to the transformation under bulk diffeomorphisms up to this order, but higher order counterterms 
do not. The result as readily obtained from (57) and (62) for infinitesimal diffeomorphisms about 
Fefferman-Graham gauge in d > 2 reads: 


K 


tlX u + P~Q~ ttl v + d ~=' ^ + 

+ vX a v a P + t\v u \7 a p + t a u v^v a p - 
—2 v a tr v v Q p - + 0(V 3 ). 


(63) 


It is to be understood that V is the covariant derivative formed from g expressed as a function 
of the new coordinates. Above all indices have been lowered and raised with the inverse scale- 
dependent effective metric g and its inverse, respectively. The derivation of the above is presented 
in Appendix A. As g explicitly appears in the transformation of t, from the point of view of the RG 
flow equation, we must re-express g in terms of t as in ( 11 ) and substitute it in the above equation, 
to obtain the transformation of t in terms of t alone. This however in the general case can only be 
done in an UV expansion, meaning in a power series expansion in r. Furthermore, we also need 
to substitute the explicit form of dt/dr as in (10), which we also know in the UV expansion in 
the general case only. In the subsequent publication [8], we will be able to give an explicit form 
summing over all orders in r n in the hydrodynamic limit. 

Nevertheless we can construct a double expansion in r and derivatives. We can readily substitute 
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(10) and (11) in (63), and after replacing r by A 1 we obtain 

& l v = Pu + ^ - J^P( 2) • 2 ' nt ^ + d (x P(2 ) + A2 + A3 P(4) ) ^ 

+ ^ £ X(2)^ + ^ £ X(3)C + 

+ (d -^Ag f df}ta " daP{2) + dut ^ a dpp{2) ^ + dud P p ( 2 ) ^ d P d *P{ 2) r / i5/i - 

-2 d a t ,l u d/3p {2 ) r? a/3 - t^ v d a dgp (2 ) V° P - S' l u t a p 3 Q <9 7/ 0(2) rf^ + 

+0 (i) ) + O (S 3 ) , (64) 

when the field theory lives in flat Minkowski space. Here d^ is a short form of d/dx 11 , i.e. the 
ordinary partial derivative with respect to the new coordinate. 

Remarkably, if we look for terms up to first order in derivatives only, we see the same pattern as 
in case of the transformation of g^ as in Eq. (59) - namely it is a combination of (i) a translation 
in scale by —p A 2 , (ii) a Weyl transformation by p A, and (iii) a d —dimensional diffeomorphism 
by at any arbitrary scale. This simple intuitive form up to first order in derivatives holds for 
infinitesimal diffeomorphism transformations about Fefferman-Graham gauge only. 

In order to find the new RG flow equation, we need to apply (58) with the transformation (63) 
for t^ u to the Fefferman-Graham RG flow equation, namely (10). It is clear then that the new RG 
flow equation, corresponding to the new gauge, depends on p and x 11 explicitly. 

The crucial point is that the equations that determine p and x 11 hi terms of new gauge conditions 
which specify a and (i 11 are first order in r —derivative as evident from (57). Therefore, requiring 
that they do not change the boundary metric, meaning that they disappear in the UV keeping 
the field theory background metric unchanged, determine them uniquely. Thus there exist unique 
p and x^ which transforms the Fefferman-Graham gauge to the new gauge provided that the 
transformation is trivial in the UV [28]. Therefore, if we can understand to which gauge fixing 
in classical gravity the new RG flow equation corresponds to, we can simply apply the reverse 
transformation and bring the new equation into Fefferman-Graham gauge where and A only 
appear explicitly. Thus we are led to the problem of understanding the link between the structural 
property of the RG flow equation and the corresponding gauge fixing on the gravity side. We will 
solve this problem in Section IV C. 

As of now, we conclude that the new RG flow equations obtained from arbitrary bulk diffeo¬ 
morphism transformations are also highly efficient, in the sense that they preserve the form of the 
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Ward identity (8) in an appropriately redefined background metric at each scale, although they are 
not state-independent explicitly. The state-dependence enters through the auxiliary non-dynamical 
variables a and /3^ only. With an appropriate diffeomorphism transformation discussed here, they 
can be brought back to the form where they depend only on t^ u and A explicitly. In that case, the 
highly efficient RG flow corresponds to the classical gravity equations in the Fefferman-Graham 
gauge. 


B. The lifted Weyl symmetry 

A CFT on a curved background is Weyl invariant up to the Weyl anomaly. By the holographic 
duality, Weyl transformations at the boundary can be lifted to specific diffeomorphisms in the 
(d + 1)—dimensional geometry. These specific diffeomorphisms actually depend on the geometry 
which solves classical gravity equations and hence on the dual field theory state, however their 
dependence on the (d + 1)—dimensional metric has a form which is independent of the geometry 
and hence of the dual state. 

These diffeomorphisms are actually the set of diffeomorphisms which preserve the asymptotic 
AdS nature of the {d + 1)—dimensional metric but yet do not vanish at the boundary, where they 
manifest as pure Weyl transformations. Furthermore, these are the residual gauge symmetries of 
the Feffer man-Graham gauge. 

Clearly, the general transformation of ADM variables (57) away from the Fefferman-Graham 
gauge may be performed in such a way that the Fefferman-Graham gauge is preserved, meaning 
that a remains l/f and /3^ still vanishes, provided in the diffeomorphisms (56), 

p = rdcr(x), x 11 = ~ J dr r g» v (r, x) • (65) 

It is clear that x^ depends on the specific geometry concerned through g )W , but its dependence on 
takes the above state-independent form. These are specific forms of so-called Penrose-Brown- 
Henneaux (PBH) transformations [29-31]. When rewritten after replacing the radial coordinate by 
the inverse of the scale, the above transformations take the form: 

p A = -ASa(x), x 11 = ~J™ dA^(A,x)^l, (66) 

The transformations depend on one parameter only, namely 6a(x) which is a function of the 
field theory coordinates, and is nothing but the Weyl transformation parameter in the UV. 

It is also to be noted that although these transformations preserve the Fefferman-Graham gauge, 
they are not isometries in a generic geometry. Indeed, the effective metric g still transforms non- 
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trivially according to (59). It is also easy to see explicitly from here that at the boundary, meaning 
at A = oo, the transformation reduces to a Weyl rescaling of the background metric by 5a. In 
particular, if the boundary metric is conformally flat, i.e. g^ v {r = 0) = Tj IJU e 2<T ^, the new boundary 
metric is also conformally flat but, with a is replaced by a + 5a. In this case, the asymptotic forms 
of p, are 


' 4 fa - 


(67) 


The asymptotic form of the transformation of g^ u according to (59) is then 

.4" = S/iu — 2 5a g /w + 2 5a g\ 2 )^v — C. e - 2 a rj ap g^^ (g^e ) + O ^^ 3 ^ 


( 68 ) 


It is clear that the leading term in the transformation above is a Weyl transformation by 5a as 
claimed before. It is worth recalling that all variables on both sides of the above equation are 
functions of A, the new scale, and of x, the new field theory coordinates. Moreover, dp stands for 
d/dx ^, the partial derivative with respect to the new coordinate. In the above formula, g^)^, 
which appears in one of the the sub-leading terms in the asymptotic expansion of g^ u (and arises 
from (d/dA)g), can be obtained directly from Einstein’s equations. As derived in Appendix C, its 
explicit form reads 


9(2)fiu = -(d»a)(d u a) + d^d u a + ^g^g ap (d a a){dpa). (69) 

Thus it a functional of the background metric. 

Let us demonstrate that these transformations (66) along with the transformation of t IJ u given 
by (63) are a symmetry of the highly efficient RG flow equation corresponding to the Fefferman- 
Graharn gauge (note that the effective metric g never enters this equation so its transformation is 
irrelevant for the symmetry). In order to recognise the symmetry, we need to generalise the RG 
flow equation (10) from the flat Minkowski space background to a (non-dynamical) conformally 
flat space background g^e 2 ' 7 ^ ■ We will call this the lifted Weyl symmetry. 

The derivation of the highly efficient RG flow in the background of conformally flat space g fJ , u e‘ 2a 
which maps to Einstein’s gravity equations can be obtained following the methodology of Section 
IIIB. However, the calculations are highly involved and can be simplified with the help of some 
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tricks and useful identities. The derivation is presented in Appendix C. The result in d = 4 reads: 

= _ A3 ( 2 ^ 2 ) u + 

+1 ( - e"N a/3 (^(A) - tf 0)l /) + 

+4 A) - t^p ) e 2(7 rf 1 g^-yu + 

+6 5^ (fp{ A) -tjjjjs*) e ~ 2a V p5 9{ 2 ) 7 . 5 ) + 

+*(2a>) + 2 ^3 l0g A ° ( ^5 l0g A ) ' ( 70 ) 

Here, denotes the covariant derivative constructed from the background metric r]^e 2a . The 
variables fj^*, an< ^ ^( 2 a)u* are independent of A and functionals of the background metric 

Vfive 2a , just like <7( 2 w (which is given by (69)), and they vanish when a goes to zero, i.e. when 
the background metric reduces to flat Minkowski space. These functions are given explicitly in 
Appendix C. In that case (70) reduces to the flat Minkowski space highly efficient RG flow equation 
(10) as evident from the leading term. The background dependent term at order (1/A 3 ) log A 
appearing in (70) is completely determined by the conformal anomaly. 

The transformation (65) preserves the Fefferman-Graham gauge and also the form of the boun¬ 
dary metric r] f _ iu e 2cr , although replacing er by a+da. Since the Fefferman-Graham gauge is preserved, 
the relation between t and g given by (40) also remains invariant under the transformation. This 
then readily implies that the resultant highly efficient RG flow equation (70) should remain the 
same after the transformation, but with a replaced by cr + cicT. Therefore (65) should be a symmetry 
of the transformation, provided we use (40) to find the transformation of from the transforma¬ 
tion of the latter being given by (59) and (65). This transformation of t reads (please refer 
to Appendix D for more details): 

+ ^ e_2fT 6(7 \ ( ~ ^ + 4t % 9{2 ) 1 u + t 1 p rf s gpyyg) 

1 1 

+45<rt tJ ‘ l/ - ^ v + 

p- 2a ( 

H— i]^dpt a v d a 5(i + 8 v iP a dpda rf? + t* a d v dpba g a ? + t a v dpd a ba rf* - 
2A 2 \ 

—‘ld 0 .t^v dpba ?) a/3 — t^ v d a dpSa g a ^ — S IJ u t a p d a d^bcr + 

+ °(f)) +0(53) ’ (71) 

up to given orders in derivatives and A -1 . The highly efficient RG flow equation (70) in conformally 
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flat space background is invariant under the transformations given by (66) and the above equation, 
up to the orders in A -1 shown when restricted to second order in derivatives. 

The transformation of tfl v is complicated as evident from (71), and in the general case it can 
only be found in an asymptotic expansion in a specific theory of classical gravity. Nevertheless, it 
is unique and can be deduced from the transformation of g^ u as given by (59) and (65), and the 
latter is simple, exact to all orders in the UV expansion, and also holds for an arbitrary classical 
theory of gravity. Therefore (59) and (65) should be thought of as more fundamental in defining 
the lifted Weyl symmetry of the highly efficient RG flow corresponding to the Fefferman-Graham 
gauge fixing of the dual classical gravity equations. 

In the following subsection, we will find the lifted Weyl symmetry of the highly efficient RG 
flow corresponding to an arbitrary gauge fixing of diffeomorphism symmetry of the dual classical 
gravity equations. 


C. Deciphering the gauge fixing of diffeomorphisms from the lifted Weyl symmetry 

We will prove here that every choice of gauge fixing of the (d + 1)—diffeomorphism symmetry 
in the corresponding classical gravity equations induces a unique lifted Weyl symmetry in the dual 
highly efficient RG flow that reduces to Weyl transformations in the UV. The inverse statement 
is also true, i.e. the gauge fixing of the {d + 1)—diffeomorphism symmetry in the classical gravity 
equations can be completely deciphered from the lifted Weyl symmetry of the corresponding highly 
efficient RG flow. The latter can also be defined in a manner which is also completely independent 
of the classical gravity theory to which the highly efficient RG flow corresponds to. Therefore, 
the lifted Weyl symmetry is an universal feature of highly efficient RG flows, if indeed as argued 
in Section II the defining property of highly efficient RG flow leads to it being a rephrasing of a 
classical gravity theory will full diffeomorphism invariance. 

Firstly, let us choose a gauge which is infinitesimally different from the Fefferman-Graham one. 
This can be specified by the gauge-fixing conditions which determine a and uniquely. From the 
first order equations (57) relating the new a and ft* 1 to those in the case of Fefferman-Graham 
gauge, we can then determine the infinitesimal diffeomorphism transformations, meaning p and 
which take us from the Fefferman-Graham gauge to the new gauge. Since in (57), we have 
only first order radial derivatives of p and x^ given the boundary conditions that p = 0(r 2 ) and 

= 0(r 2 ) so that they do not modify boundary (UV) data, we obtain unique solutions for p and 
Let us call this unique transformation Q. 
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The lifted Weyl symmetry transformation corresponding to a Weyl transformation by 5a in the 
UV, and under which the new highly efficient RG ffow equation is invariant reads GV Sa G~ l , where 
corresponds to the PBH transformation (65). This can be verified as follows: Firstly, with 
we can transform from the new gauge back to Fefferman-Graham gauge. Note that this does 
not modify the UV data and the background metric. Then with V sa , we can perform the unique 
diffeomorphism transformation that is non-vanishing at the boundary (A = oo) modifying the UV 
data and the background metric by a Weyl transformation with parameter 5a, while keeping the 
Fefferman-Graham highly efficient RG ffow equations (70) invariant. Finally, we can go back to the 
new gauge by the unique transformation G (which itself does not modify the UV data). In total, we 
have arrived at the new gauge, but with UV data and background metric Weyl transformed by 5a. 
Clearly G'P Sa G~ 1 should be the new and unique transformation under which the new highly efficient 
RG ffow equation in conformally flat metric background is invariant, since after the transformation, 
the RG flow corresponds to the same gauge fixing of diffeomorphisms of the dual classical gravity 
equations, but with the UV data and the conformally flat background metric are Weyl transformed 
by 5a. 

The transformation of g^ v then follows from (59), which in turn results in a unique transfor¬ 
mation of as discussed in the previous subsections. Recall g /JU (A) is unique in a highly efficient 
RG ffow, and its transformation also induces a unique transformation of because the relation 
between the two is preserved by the lifted Weyl symmetry. Nevertheless, the more fundamental 
definition of the lifted Weyl symmetry is via the transformation of g ^ u , as it takes the same form in 
any classical theory of gravity. From the transformation of g^ v one can read off the diffeomorphism 
G that relates the Fefferman-Graham gauge to the new gauge, given that we can find the new lifted 
Weyl symmetry GV &(T G~ l and we know V &CT explicitly. Thus from the lifted Weyl symmetry we can 
decipher the corresponding gauge fixing of diffeomorphisms in the dual classical gravity equations. 
This correspondence between the symmetry of the highly efficient RG ffow and the gauge fixing 
in the corresponding gravity equations is independent of the classical gravity theory to which the 
highly efficient RG flows map to, as the transformation of g^ v is independent of the classical gravity 
theory. 


V. CONCLUSIONS 


In this paper, we have shown that all diffeomorphism invariant pure classical gravity theories can 
be recast as first order highly efficient RG flows. Furthermore, we have claimed that by imposing 
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an appropriate infrared criterion on the latter, we can also reproduce the right UV data which lead 
to absence of naked singularities in the solutions of the dual gravity theory. We will establish this 
claim with explicit examples in the second part of our work [8]. 

We have not yet shown how a precise construction in the field theory involving a specific 
procedure of coarse-graining can generate such highly efficient RG ffows in strongly interacting 
large N quantum field theories. This will be the main object of study of the second part of this 
work [8] as well. 

Although we have focused on the pure gravity sector here, it is not hard to see that our approach 
extends beyond the case of pure gravity. Consider the case when we have an additional scalar single¬ 
trace operator O. In this case, the highly efficient RG flow equations which should reproduce the 
dual gravity equations, will assume the form: 

A^(A) = <[^(A),o(A),A], 

Ao(A) = F 2 [^(A),0(A),A], (72) 

The scale-dependent Ward identity that must be preserved at all scales is: 

V (a} ^(A) = 0(A)^J(A), (73) 

where g lw \t ,J ' v (A), O(A), A] is an appropriate scale-dependent background metric and A), 0(A), A] 
is an appropriate scale-dependent external source that are functionals of the effective single-trace 
operators. With an extra propagating degree of freedom, a Ward identity of the above formed can 
be preserved along the scale evolution only if there is an underlying diffeomorphism invariance, 
such that g jI:U (A) and J(A) lead to a bulk metric and a bulk scalar field in the Fefferman-Graham 
gauge, which solve the equations of a classical gravity theory coupled to a scalar field with full 
(d+ 1)—diffeomorphism invariance. The arguments supporting this assertion will mimic those given 
in Section II. Nevertheless, it is not easy to formulate the right infrared criterion. We will comment 
more on this in the second part of the work. 

It will be particularly interesting to see how higher spin gravities can be reformulated as highly 
efficient RG flows. Such theories of gravity have a larger group of gauge symmetries which also 
include standard diffeomorphisms. We need to understand how these gauge symmetries in [d + 
1)—dimensions can be ensured by d —dimensional Ward identities which generalise (8) in order to 
apply our approach to this problem. The insights obtained from [32-37] should be highly valuable 
in this regard. This development is also worth taking because the dual field theories are often 


38 


solvable particularly for the case of d = 2. We can then hope to learn a lot about how holographic 
correspondence leads to alternative formulations of quantum field theories. 

Finally, we emphasise again that our approach for reconstructing the holographic correspondence 
as a highly efficient RG ffow should also work when the solutions of the classical gravity theory do 
not have a well defined asymptotic region, so that we need to impose a UV cut-off to make sense 
of the correspondence. As in our approach all UV data can be determined through our infrared 
criterion, we do not need an asymptotic UV region on the gravity side to have a precise map 
between the theory of gravity and effective dual field theory at a given scale. Nevertheless, it will 
be interesting to work out such an example explicitly. 

In the second part of our work, we will comment more on possible intersections of our approach 
with other works in the literature. We will also discuss how our approach can be used to construct 
new non-perturbative frameworks for theories like Quantum Chromodynamics (QCD) and some 
open questions. 
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Anhang A: Derivation of transformations under bulk diffeomorphisms in derivative expansion 


We first note that the transformation of the induced metric 7 ^ as given by (57) can be written 
compactly in the form: 


_ . 

llLV — 7 iiv + P Q~ + L-x'y^- 


One can readily prove the following result 


O r\ 

__r AVi—tin — r 0 Avi—vn 1 r a avi-Vu 


(1) 


( 2 ) 


Qj, A. V\...M n X Qy, 

for an arbitrary tensor A//'.'//”. With the above rules, one can substitute (57) in the definition of 
the extrinsic curvature (19), we readily obtain the transformation of the latter as in (62). 

It is also not hard to see that the transformation of the inverse induced metric is given by 


Y Y + p- 


dr 


+ 




Let us define the bare energy-momentum tensor as ^ barc as 


t", 


bare 


= -2 J-^P {Kpv -K lpv ). 


( 3 ) 


( 4 ) 


in case of Einstein’s gravity in a arbitrary d. The transformation of t^J° aic is then as follows 

fV’ are = + P^ v hare + d^^ bare + £x fJ \ hare - -jzy (V^V^p - V V^) • (5) 

We readily see that the last term after transformation diverges at r = 0 (at the UV) if p vanishes 
as r asymptotically (which is allowed as it does not shift the boundary away from r = 0 )- this 
must be cancelled by the transformation of the counterterm. We will see this is indeed the case. 
Above all indices have been lowered/raised using 5 /its inverse and V is the covariant derivative 
constructed from g. 

The first counterterm required to cancel the on-shell volume divergence in is 


c t(l) = - 2 (rf-i)4c 


( 6 ) 


This does not transform under bulk diffeomorphism at all, simply because in the new coordinates 
we have to replace r by r (note we are comparing t^ v ctlyl \r, x) with P I , C, ( ' 1 ) (r, x) and they are verily 
the same as <5 /J „ is invariant). Nevertheless, C x t fl v ct ^ = 0 and (p(d/dr) + d(p/r))t fl u ct ^ 1) = 0, so 
we can as well write for later convenience that 


( 7 ) 
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The second counterterm required to cancel the sub leading on-shell divergence in t^ baic is 

*V‘ (2) = ( R “M - \ms\) ■ (8) 

Identically, for any arbitrary transformation 

SRuA 7 ] = (V,+ Vo’f'bir - S7 p r p ^a) - (9) 

To find the transformation under bulk diffeomorphism we simply need to substitute (1) above. 
Employing in addition the vector Einstein equation (45) and after some further rearrangements, 
we get 


d 

6R„ a [ 7 ] = P-qzRv<t[i\ + C x R V(y [ 7 ] + 
+ \ ( Vly ^ V ^ /9 + 


-2\7^z ua V p p - z„ a V~p-Tr zV u \7 a pj + 

— 2)V [ /V cr /j + -V 2 pg ua . 
r r 


( 10 ) 


Above z^v is as defined in (31) and z piJ = g pp z p u . This implies that 


£/^ct(2) _ ^ct(2) p—t^ v Ct (2) + d-t + £ x ^M^ ct ( 2 ) _|_ 

I Wz a u V a p + Vuz^p + z» a V u V a p + z a v V^ a p 


d- 2 f d - 2 ^ 

- 2 V a z^X7 a p - z\V 2 p - 6^z a p V a vPp - 
72. 


—TV 2 + Tr z <5^ + 


+3=T (V'v^-V’wy 


( 11 ) 


The terms in the last line above are precisely those needed to cancel the divergent terms in the 
transformation of t^J 0 ^ as in (5). 

We recall that 




V 


^ bare + ^ ct(l) + px ct(2) + £,^3) 


( 12 ) 
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Therefore combining (5), (7) and (11) we obtain 
, = t^v + P’qp^v + + £-x^v + 

+^2 7^2 (v^V aP + V^ a V“p + ^ Q V v V°p + z a „V»\7 a p - 
—2 V a z^W aP - z^V 2 p - 5» u z a p V a VPp ~ 

-TrzV^VvP + Trz^pS^ +0(V 3 ). (13) 

After using the inverted relation between and t^v using (51), and retaining terms up to two 
derivatives, we obtain (63) for d > 2 as claimed before when the boundary metric is flat Minkowski 
space. 


Anhang B: Useful identities 


Let us assume that 


g»v = 9(0)iiu(x) + r 2 g {2 )^{x) + r 4 g {i)/iu (x) + 0(r 6 ). (1) 

The exact forms of 9 ( 2 )pv an d 9 ( 4 )pv are not important for the moment. The expansion for the 
Levi-Civitia connection is: 

KM = rf 0) ^W + r 2 rf 2W (x) + r'Tf^x) + 0(r% (2) 

with 

fto' )vp = r ^[9(0)}, 

^(2)i jp = 2^(°) (^(O)i'5(2)o-p ^(0)p9(2)ou ~ V( 0 )cr 9(2)vp) i 

ft±)vp = 2^(0) (^(°) 1 ' ^( 4 ) ct P ^(0)p5(4)crv ~ ^(0)a 9(4)up) ~ 

_ 2 ^(0) 5(2)a/3 5(0) (V(0), 9(2)ap T ^(0)p 9(2)av ~ ^(0)<r 9(2)i/p) i (3) 

where V( 0 ) is the covariant derivative built from g^y It follows that 

Rli upa[g\ = R(0 )vpcft) + r2R (2 )upaft + ^^vpcft + ( 4 ) 

with 

R (0)upa ~ Rtl vpa\9{ti)\i 

R (2)vpa = ^(0)P^(2)va _ V (0)o-T ( 1 2 ) vp i 

R (4)upa = V (0)p r (4)^cr “ V (0)tr r f4)i2p + fti)paft2)ua - ~^{2)aaft2)vp- ( 5 ) 
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Clearly, the similar coefficients in the expansion for Ricci tensor are, 

RAa\ = R (0 i) M m» + r2R ( 2 )^au( X ) + r * R (4)n a A X ) + o(r 6 ), (6) 

and that for the Ricci scalar are: 

R [q] = R (0) + f 2 (-R( 2)tiv 9(0) - R (0)/iv 9(0) 9{2)a/3 5(p)) + 

■ 4 / r> ua 8 V , 

+r yK( 4) m „ 5(0) R ( 2 )fiu 9(0) 9{2)aP 9(0) + 

i d A 10 ( „7<5 4 (0)8i/\ , 

5(0) \^5(2)a7 5(o) 9(2)88 5(4)a/3 J 9 J ' 

+0(r 6 ). (7) 


Anhang C: Derivation of highly efficient RG flow equation in conformally flat space 

We can solve Einstein’s equations perturbatively in r asymptotically when the boundary metric 
is conformally flat, meaning it is rg 1 , v e 2a ( x ' > exactly as we have done in Section IIIB when the 
boundary metric chosen to be flat Minkowski space. However as the conformally flat metric r) llll e 2<J ^ 
has a curvature, the subleading term in g^, u is 0(r 2 ) and not 0(r 4 ) as in d = 4. 

To proceed, it is useful to expand around the exact solution which has no term in the Fefferman- 
Graharn expansion beyond 0(r 4 ). This corresponds to the general case when the bulk metric is 
conformally flat as well. This exact solution is [38] 

9%, = 5( o)^0) + r 2 g {2 ) flu (x) + r 4 g* (4)fiu (x), (1) 

with 

* _ 1 OZ-8 ( n\ 

9(4)fiu — ^5(2) M a 5(o) 9(2)8a- \^J 

The leading term g(o) lw being the boundary metric should be 

9(o)fiu = e 2a{x) Vuv ( 3 ) 

The subleading term g( 2 ) )lv takes the form 

9(2)ixv ~ ~ 2 ( R ( 0 )l iV ~ q R (0)9(0)ij,u \ j (4) 

for an arbitrary solution (we have used the notation of Appendix B). More explicitly, 

5(2) M „ = ~{d^a){d u a) + d^a + (d a a)(d 0 a). (5) 
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In order to find the general solution, we can write without loss of generality that 


5(4)^ (®) = 9(4)^ (*) + (®). (6) 

In this case, the general solution takes the form 

9n» = 9(0)nu{x) + r 2 g {2 )^( x ) + r 4 ( 5 * 4 )^ W + a i^( x )) + r& 9( 6)#»-(*) + C ) (^ 8 )- (7) 

This procedure of perturbing around the exact solution (1) to find the for a general solution 

with a flat boundary metric is advantageous, because on simple dimensional grounds a^ u along with 
its derivatives can appear only linearly in g^)^. Thus we can simply expand (44) linearly about 
the exact solution (1) and then truncate the solution at the leading order to find g^)^- I n turn 
this will give us the missing term in the general highly efficient RG flow equation in conformally 
flat space. 

In order to satisfy the vector and scalar constraints, namely (45) and (46) we require 

GW 5(0) = °> 9 ( 0 ) V(0) Q a J a At = 0, (8) 

where V( 0 ) is constructed from g^)^. Using the various identities in Appendix B, we obtain 

9(6)fiu = — Yo (s^VaV^) + 77 [a^a g^ 5(2)/3i/ + 9(2)/ia 9(o) ~ 9(2)a/3 9(o) ~ 

1 a-y BS / n \ 

g5(0)/ii/ 5(0) 5(0) a «/3 5(2)75- (9) 

Substituting the above in (40) and employing the identities in Appendix B once again we can 
obtain the coefficients of the expansion 


&V = tfo)^) + r2t ( 2 )A x ) + r2 lo § rt ( 2 a)A x ) + 0{r A \ogr) (10) 

of t^y. Note the term proportional to log r in (40) can also be shown to be proportional to the 
r 4 log r in the asymptotic expansion of g /JU which vanishes when the boundary metric is conformally 
flat (as in the exact solution (1)). Therefore this term does not contribute at the leading order, 
meaning at order log r, and this is why there is no log r term in (10). However it does contribute 
at order r 2 log r giving rise to t erm i n (10). 

The leading term in (10) is 


with 


1 (P)U 


= f i , 


oo_.fl 

/ - V 


(O)t' 


A ^9(p) °Wi 


+fi * 

r (o )u 


ua a 7 . ua a 7 . 

— 9(0) 9(2)ap 9(o) 5 ( 2 ) 71 / + 5(o) 9(2)av 9( 0 ) 5( 2)^7 + 
+ \^v (9^0)9(2)a/3 9 (q) 5(2)7<5 (^( 0 ) 5(2)a/?) ) 


( 11 ) 


(12) 
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The term t^ u * equals t7°° for the exact solution (1) and is entirely a functional of the boundary 
metric. The subleading term in (10) is 


t 


(2 )u 


= t M 


(2 )v 


+ t 


(2K 


(13) 


where 


#/i * fia /?7 7 8 1 uq ^7 < 5 e 

q2)i/ ^ 5(o) 9(2)af3 5(0) 5(2)75 9(q)9(2)Su ~ 7^5(0) 5(2)a/9 5(o) 9(2)~/v 9(0) 9(2)8e ~ 

f ua (35 7e 

_ 2^(°) 5(2)0^ 5(0) 5(2)/?7 5(o) 5(2)5e + 

l;u I <Aa /?7 5e 

+ 2 d ^ l _ 5(0) 5(2 )q/3 5(0) 5(2) 7 5 5(0) 5(2)^ + 

+ (5(0) 9(2)a/3 9(o) 5(2)75^ ^5(o) 9(2)e$) j > ( 44 ) 


is an explicit functional of the boundary metric and 

^(2)u — 5(o) ^(0)a^(0)/3 (5(o) a pv) T ^5(o) a a/3 9( q) 5(2)71/ T 6(^7 5(0) a a/39(o) 9(2)'y8- (15) 


Also 


t( 2 a) r = r2 term i n the expansion of 

f 7'W»]«“‘ , [9] - + 4v 2 iJ7[ 9 ] - 4«[ 9 ]fl7[ 9 ] + 

+ (4fl 2 [ 9 ] - - 4v 2 ,%]) »■"„), (16) 

which is thus an explicit functional of the boundary metric as well. This can be readily obtained 
from the compact but explicit expansions of T^ p [g\, R^ vp( j[g] etc. obtained in Appendix B. The 
exact form of this is a lengthy expression which is not too illuminating, so we skip giving a more 
detailed expression here. 

Using (10), (11), (12), (13), (14), (15) and (16), we can readily invert the relation between a fiv 
and t ,l v . We obtain, 

rf a eT 2 °a av = i (tJ\ - *£ 0)l /) - r 2 (tf 2)i/ * + 

+ 4 ( “ 5(o) V( 0 ) Q V (0 )/5 (*7 - t \o)v*') + 

+ 4 _ *(0)/) 5fo) 5(2)71/ + 

+64'7 (i 7 , - tj^*) 5 ( 2 ) 75 )) 

-r 2 log r^ 2a)i/ + 0(r 4 log r). 


( 17 ) 
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Differentiating (10) and using the above inverted relation we finally obtain the highly efficient RG 
flow equation for which is as follows: 


s 4 "- = r ( 2 ‘<V + 

+ 2 ( ~ 9(0) V(0)„V(0)/i - %;) + 

+4 ( t^p - ^ 0)/3 *) 5(2)71/ + 

+Q5 tJ v [t 1 p - tj 0) p*^j 5(2)7$) + 

+ t (2a)v) + 2r lo S r tfj2a)u + lo S r )- ( 18 ) 


Replacing r by A 1 above we obtain (70). We have also replaced by its more explicit form 
e~ 2a rj fiu , and changed notations by replacing V(q) by V*^. 


Anhang D: Derivation of transformations under bulk diffeomorphisms in UV expansion 

Here we proceed by assuming that the boundary metric is conformally flat, meaning it is 
V^s 2a '' x \ and that d = 4. We would be interested to derive the transformation of t^ v up to 
0(r 4 log r). Furthermore, we will restrict ourselves to two derivatives. 

Assuming minimalist counterterms (those required for cancellations of UV divergences only), 
only the first two counterterms and the log counterterm can contribute to the transformation of t^ v 
up to 0(r 4 log r). We can thus proceed exactly as in Appendix A and obtain the transformation 
by expanding (13) up to required orders. Note all the results in Appendix A are generally valid for 
any arbitrary boundary metric, except for(63) where we have imposed that the boundary metric 
is flat Minkowski space. On top of this we need to add the transformation of the log counterterm. 
However this log counterterm only contributes at sixth order in derivatives, so we can ignore its 
effect if we restrict ourselves to two derivatives. 
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Doing the UV (asymptotic) expansion of z^ u , p; 9\w and V etc. in (13) we get 


K = + 


5a \ ( " 9 (0) V (0)« V (0)/3^ + P 9(0) 9( 2)71/ + 66>1 u ^0 9(0) 9(2)75) 



(1) 


up to fourth order in derivatives and given orders in the asymptotic expansion. Replacing r by A 1 
above we obtain (71). We have also replaced by its more explicit form e _2CT r/ /iV , and changed 


notations by replacing V( 0 ) by 
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